The thermodynamic functions for Lennard-Jones (9,6) gases with a hard core that are evaluated till the third virial coefficients, are investigated at an isobaric process. Some thermodynamic functions are analytically expressed as functions of intensive variables, temperature, and pressure. Some thermodynamic quantities for carbon dioxide are calculated numerically and drawn graphically. In critical states, the heat capacity diverges to infinity at the critical point while the Gibbs free energy, volume, enthalpy, and entropy are continuous at the critical point. In the coexistence of two phases, the boiling temperatures and the enthalpy changes of vaporization are obtained by numerical calculations for 20 substances. The Gibbs free energy indicates a polygonal line; entropy, volume, and enthalpy jump from the liquid to gaseous phase at the boiling point. The heat capacity does not diverge to infinity but shows a finite discrepancy at boiling point. This suggests that a first-order phase transition at the boiling point and a second-order phase transition may occur at the critical point.
Introduction
Properties of the first and second-order phase transitions at an isobaric process have been pointed out in the text book [1] . Recently, the behaviours in the neighbourhood of the critical point and the coexistence of gaseous and liquid phases have been illustrated, introducing some thermodynamic functions at the isobaric process for van der Waals [2] , Lennard-Jones [3] , Redlich-Kwong [4] , and Square-well gases [5] . Especially, all thermodynamic functions at the isobaric process contained the two intensive variables T and P, have been practically derived from the Gibbs free energy in T -P grand canonical ensemble [3, 6] . From the viewpoint of an isobaric process, an attempt to investigate the thermodynamic functions of the LennardJones (9,6) gases with a hard core at isobaric process is useful to evaluate the critical constants (T c , P c , V c ), the boiling temperatures, and enthalpy changes of vaporization. It may be significant to provide the properties of thermodynamic quantities by discussing the first and second-order phase transitions.
In this work, the expansion coefficients for the second virial coefficient of the Lennard-Jones (9,6) gases with a hard core are analytically calculated. The parameters ε and σ for the Lennard-Jones (9,6) potential with a hard core for 20 substances are determined from the experimental data of second virial coefficients. The expansion coefficients for the third virial coefficient are calculated by using numerical integration. The Gibbs free energy is analytically expressed as two intensive variables, temperature and pressure. Volume, enthalpy, entropy, and heat capacity are included as variables. These thermodynamic quantities for carbon dioxide are determined through numerical calculations and are graphically displayed at an isobaric process. The second-order phase transitions of LennardJones (9,6) gases at the critical point is discussed, and also the first-order phase transition at the boiling point is investigated.
T-P Grand Canonical Ensemble for Imperfect Gases
The partition function for imperfect gases in classical statistical mechanics [7, 8] is represented by
where B and C are the second and third virial coefficients, respectively. The partition function in the T -P grand canonical ensemble can be written in the following form by using the Laplace transform of Z(T,V, N):
If N now becomes very large, one can replace the integral by the maximum value of the integrand as is done in statistical mechanics: that is, it is called the saddle point method. If the derivative of the integrand in (2) equals to zero, then we can obtain the cubic equation for V which is equivalent to the virial equation of state approximated till the third virial coefficient:
The Gibbs free energy G(T, P, N) is derived from the partition function Y (T, P, N) by the Legendre transformation [3, 6] :
The Gibbs free energy per mol is expressed as
with
where M is molecular weight.
We can exactly solve the cubic equation for V in (3). Substituting V = x + RT/3P, the standard cubic equation without x 2 -term is obtained:
The coefficient P and Q in (7) are given, respectively, by
and Q = 1 27
The discriminant for the cubic equation is given as
If the pressure P is larger than the critical pressure P c , then the discriminant is always positive, and the solution in (3) consists of a real root and two complex conjugated roots. A real root is represented as
where
and
in the case that P in (7) is positive, that is the temperature is smaller than the critical temperature T c . Another real root is given as
in the case that P in (7) is negative, that is the temperature is lager then the critical temperature T c . In the coexistence of gaseous and liquid phases, the discriminant is always negative and three real roots are expressed as, respectively,
V G in (17) corresponds to the root for the gaseous state, V L in (18) to that of the liquid state, and V M in (19) is the root in the region from V L to V G . All thermodynamic quantities can be derived from the Gibbs free energy in the known way. Since the coefficient in the term ( dV / dT ) P satisfies the virial equation of state in (3), the volume is given as the form
V is equal to the positive root in (11) and (14) or (17) and (18). The entropy is obtained as
The enthalpy is expressed as
The heat capacity at constant pressure is easily derived from the enthalpy:
If the gaseous and liquid phases coexist, the change of the Gibbs free energy between the gaseous and liquid phases at arbitrary temperature and pressure is obtained as
The enthalpy changes of vaporization are given as
This cubic equation determines V M in order to satisfy Maxwell's rule between V L and V G [4, 5] . Assuming that the volume V L in the liquid phase is transformed into V G in the gaseous phase at boiling temperature T B , ∆H(T B , P) in (26) equals of vaporization at T B and P. Some thermodynamic quantities as functions of variables T and P may be derived from (5) and (21) - (24), and V in (11), (14), (17), and (18) are denoted V L in the region of T < T B and V G in T > T B .
Expansion Coefficients for the Second and Third Virial Coefficients of Lennard-Jones (9,6) Gases with a Hard Core
The Lennard-Jones (9,6) potential with a hard core is defined as
ε is the maximum energy attraction which occurs at r = (3/2) 1/3 σ . Substituting r = σ x, the potential (27) is replaced by
The second virial coefficients may be easily found, in classical statistics, from the well-known formula [8] 
where N A is the Avogadro number and β = 1/kT . The second virial coefficients for Lennard-Jones (9,6) gases with a hard core are expressed as
where u = ε/kT and b 0 = 2/3πN A σ . The second virial coefficients B are expressed as in which the expansion coefficients b(n) are given as
b(n) are the expansion coefficients which are written as an analytic formula and have been numerically calculated as shown in Table 1 . By means of a function f i j ,
the third virial coefficients are defined as
being the position of the molecule i.
The third virial coefficients may be transformed into, by the Kihara expansions [8, 9] ,
, and
. The product of functions f can be written as the following sum:
The coefficients A(n, k) are functions of the variables ξ and η in which ξ = R/r 12 and η = R/r 23 :
2/3 ξ 6 + η 6 (ξ 9 + η 9 ) 2/3 n−k
and in the case that n = 1 and k = 0, A(1, 0) = log 1 + ξ 9 1 + η 9 1 + ξ 9 +η 9 + ξ 6 log 1 + ξ 9 ξ 9 + η 9 ξ 6 1 + ξ 9 +η 9 + η 6 log 1 + η 9 ξ 9 + η 9 η 6 1 + ξ 9 +η 9
.
The third virial coefficients for the Lennard-Jones (9,6) potential with a hard core are represented as
in which the coefficients c(n) are given by the double integrals
and especially in the case for n = 1, c(n) are the expansion coefficients which are calculated over again by double numerical integrations as shown in Table 1 .
Numerical Results
The parameters ε and σ for the Lennard-Jones (9,6) potential with a hard core for 20 substances are determined from the experimental data of second virial coefficients [10] as shown in Table 2 . The critical con- Table 2 . Parameters for the Lennard-Jones (9,6) potential with a hard core determined from experimental data of the second virial coefficients [10] . stants T c , P c , and V c are derived from the condition that the discriminant of the cubic (3) is zero at which there are triple roots [5] . Although the virial equation of state is approximated till the third virial coefficient, critical temperatures and pressures in Table 3 may be qualitatively evaluated while critical volumes for all gases ex- Table 3 . Critical constants for the critical temperatures (T C /K), critical pressures (P C /MPa), and critical volumes (V C /cm 3 mol −1 ). Boiling temperatures (T B /K) and enthalpy changes of vaporization (∆H/kJ mol −1 ) at 0.1013 Mpa. Present works (upper entries) and experimental results (lower entries) [11] . cept neon are deviated from experimental results [11] . Numerical results obtained with these thermodynamic functions for carbon dioxide at P c = 7.51 MPa are displayed in Figures 1 -5 . The Gibbs free energy consists of two slightly different tangents in both sides at T c = 308.7 K while it is formed a continuous curve. Volume, entropy, and enthalpy are continuous at T c = 308.7 K, whereas these quantities show a sudden change in the neighbourhood of the critical temperature. The heat capacity at P c = 7.51 MPa diverges to infinity at T = 308.7 K as shown in Figure 5 . A singularity of the heat capacity, however, is found at the critical temperature. This singularity suggests a phase transition. The generalized diagrams of some thermodynamic quantities accompanying a second-order phase transition are typically described in textbooks of physical chemistry [1] . Compared Figures 1 -5 with these diagrams [1] , the behaviour in the neighbourhood of the critical temperature corresponds to a second-order phase transition.
In the equilibrium between the liquid and gaseous phases, the boiling temperatures T B at arbitrary pressure are easily found by the condition that ∆G = 0 in (25). Boiling temperatures are calculated at 0.1013 MPa and enthalpies ∆H of vaporization in (26) for all gases are obtained using these boiling temperatures. For CO 2 , SiF 4 , and SF 6 , the boiling temperatures are evaluated at the boiling pressures, 0.518, 0.176, and 0.227 MPa, respectively. Boiling temperatures and the enthalpy changes of vaporization are shown in Table 3 .
Enthalpy changes ∆H of vaporization for all gases except SiF 4 are not qualitative approaching experimental results [11] . Numerical results obtained with these thermodynamic functions for carbon dioxide are displayed in Figures 6 -10 . The Gibbs free energy in Figure 6 indicates a polygonal line with a break at the boiling temperature. In the curves for entropy, volume, and enthalpy a jump is observed from the liquid to the gaseous phase at the boundary of the boiling point. As shown in Figure 10 , the heat capacity do not diverge to infinity but show a discontinuity at the boiling temperature. The heat capacity at 0.518 MPa shows a singularity at the boiling point. This singularity suggests a phase transition. The behaviour in the neighbourhood of the boiling pint corresponds to a first-order transition [1] .
